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INTRODUCTION
The history of mathematics is littered with disagreements over the discovery and publi-
cation of important results. Many of these incidents have led to estranged relations, if not
outright hostilities between the participants. Most of these events are poorly documented,
and prima facie evidence by the participants is rarely available. The case under discussion
in the present paper is unusual in several respects. First, we have a recently discovered letter
which gives a candid and credible account by one of the participants, John von Neumann
(1903–1957). Second, the other participant, George David Birkhoff (1884–1944), subse-
quently acknowledged and rectifie the situation in print (apparently to the satisfaction of
von Neumann).
The case involves the quasi-ergodic hypothesis in 1931–1932, andwhyBirkhoff’s ergodic
theorem appeared in print before von Neumann’s mean ergodic theorem. This has always
been somewhat of a mystery, since it is well known that von Neumann obtained his theorem
first and that Birkhoff was aware of his result. In the present paper this mystery is resolved.
We begin with a general overview of the physical problems which led to ergodic hypoth-
esis, and how this hypothesis was subsequently modifie into the quasi-ergodic hypothesis.
Next we consider the work which led to the discovery and publication of the theorems
of Birkhoff and von Neumann. We will present only general descriptions of the relevant
results. For technical details we refer the reader to the original papers, and to a standard
contemporary text such as [Yosida 1980]. Then we reproduce the letter of von Neumann
to his Princeton colleague Robertson. The events following the publication of these results
are recounted, and the resolution of the priority issue is then discussed. Finally, we briefl
consider how these theorems affected the subsequent careers of Birkhoff and vonNeumann.
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PHYSICAL CONSIDERATIONS AND THE ERGODIC HYPOTHESIS
The ergodic hypothesis arose in the attempts of James Clerk Maxwell (1831–1879) and
LudwigBoltzmann (1844–1906) to give a rigorous formulation of the kinetic theory of gases
and statistical mechanics. However, as documented by Stephen Brush [1966], and in his
commentary to [Boltzmann 1981:1], their work was f lled with false starts and considerable
confusion. The core of Boltzmann’s work was the proof of his celebrated H-theorem which
asserted that the time and ensemble averages of a phase function were equal. In doing so
he assumed the so-called
Ergodic Hypothesis (EH)
The trajectory of the point representing the state of the system in phase space passes
through every point on the constant energy hypersurface of the phase space.
In their inf uential survey Paul and Tatiana Ehrenfest [1912] popularized the theory, but
noted that Poincare´ [1894] and many physicists doubted the validity of the EH since no
example satisfying it had been exhibited. This led them to propose the alternative.
Quasi-Ergodic Hypothesis (Q-EH)
The trajectory of the point representing the state of the system in phase space is dense
on the constant energy hypersurface of the phase space.
In 1913 Artur Rosenthal [1913] and Michel Plancherel [1913] showed that it was im-
possible to satisfy the EH. However, with the rise of the new mathematical discipline of
measure theory their conclusionwas put in a lucid form byConstantin Carathe´odory [1919].
He proved that the EH, as stated above, was false since the points of the trajectory form a
set of measure zero which cannot cover the energy surface whose measure was nonzero.
The subject also had general implications for the abstract theory of dynamical systems
which Poincare´ had devised in celestial mechanics. The f rst concrete result in this direction
was
Poincare´ Recurrence Theorem (1890)
The dynamical evolution of an isolated system is such that, except for a measure zero
set of states, every state will be revisited to an arbitrary degree of closeness an unbounded
number of times.
The celestial mechanics connection was to be a major part of Birkhoff’s approach since
in 1913 he had achieved mathematical fame by proving Poincare´’s geometric theorem
[Birkhoff 1913]. The French savant had announced it a year earlier, but had admitted that
he was unable to obtain a proof. Over the next decade Birkhoff became one of the world
authorities on celestial mechanics and the methods of Poincare´ [Morse 1946]. One of his
goals was to explore the notion of a dynamical system, which was ultimately to lead him
to his ergodic theorem.
PRELIMINARY RESULTS AND PUBLICATIONS OF THEIR RESULTS
In his great memoir on surface transformations Birkhoff [1920], and independently
A. Smekal [1926],made the conjecture that for dynamical systems having everywhere dense
trajectories, the exceptional trajectories (i.e., those which were not everywhere dense) were
of Lebesgue measure zero. Indeed, Smekal’s form of this conjecture explicitly dealt with
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the Q-EH. In 1928 Birkhoff and Paul A. Smith introduced the notion of metric transitivity
[Birkhoff & Smith 1928], and it became evident that their hypothesis of metrical transi-
tivity, HMT, was an alternative form of the Q-EH. In the language of classical mechanics,
HMT specif ed that the energy surface must be metrically transitive, or have the property of
“ergodicity,” which required that there be no dynamical variables, apart from those which
are functions of the Hamiltonian, which were invariants of the motion.
While the ref nements obtained byBirkhoff&Smith [1928]were encouraging, Birkhoff’s
attempts to complete the program set out in his fundamental memoir [Birkhoff 1920] were
essentially stalled. His basic idea was somehow to employ Poincare´ recurrence theorem as
a preliminary to proving an ergodic theorem. However, the way to do this was to come from
a new methodology, which he had not anticipated.
It was at this point that two of Birkhoff’s former doctoral students, Benjamin Koopman
andMarshal Harvey Stone, got involved in the matter. They had both received their Harvard
doctorates in 1926. Koopman wrote his dissertation on celestial mechanics (the restricted
three-bodyproblem),whileStonehadworkedonexpansion theorems inordinarydifferential
equations. While they remained friendly with Birkhoff, both were attracted to the new
theory of linear transformations in Hilbert space then being developed by von Neumann.
They were instructors at Columbia University for the year 1926/1927; then Stone returned
to Harvard as an assistant professor, and Koopman remained at Columbia for the remainder
of his academic career. Apparently, they kept in contact with each other and discussed their
efforts to master the new abstract trends in mathematics.
InMarch 1931 Koopman submitted a note to the Proceedings of the National Academy of
Sciences, which applied themeasure-theoretic andHilbert spacemethodology to an abstract
dynamical system [Koopman 1931]. It was probably submitted by Birkhoff; however, this
was not explicitly indicated. In a sense, it was reminiscent of von Neumann’s approach to
quantum theory, but it went a step further in that it gave a new connection between measure
theory and Hilbert space theory. In effect, Koopman made the following observation. Sup-
pose the transformations of the constant energy hypersurface were interpreted as a group
of linear operators, then these operators (when considered on the Hilbert space of complex
Lebesgue square integrable functions) were unitary. Koopman then studied these operators
and their spectral resolutions. This four page note contained only two references, the large
paper of von Neumann [1929] and the note of Stone [1930], which dealt with operational
methods and group theory. There was no indication that initially Birkhoff saw anything
especially interesting in this identif cation, since the theory of linear transformations in
Hilbert space offered little fascination to him. For von Neumann, however, Koopman’s note
provided a tantalizing clue on how to proceed, and he immediately set to work.
Von Neumann’s path leading to his proof of his mean ergodic theorem was set forth in
[vonNeumann 1932] and described in the letter reproduced in the next section. He indicated
that hemetKoopman in the spring of 1930, and the possibility of obtaining a proof suggested
itself to him at that time. But Koopman’s work was still unf nished, and the details of his
analysis were not yet complete. In his early years at Princeton von Neumann was in the
habit of returning to Berlin for the summers, and he did this in 1930 and 1931. On the
latter visit, in a similar conversation with Andre´ Weil, the same idea occurred to him, and
in [von Neumann 1932] he thanked Koopman and Weil for the incentive they gave him.
Apparently, von Neumann saw Koopman’s note, which was published in the Proceedings
in May 1931, only a month or so later. However, when he saw it, he recognized that the
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key ingredient was that the spectral resolution of the operators ref ected the structure of
the dynamical system, or more specif cally, those properties of the system which were true
almost everywhere in the sense of Lebesgue’s measure theory. His letter indicated that the
problem was then solved in August/September 1931 in the manner indicated in his paper
[von Neumann 1932]. He personally told Koopman of it in October, and in the same month
Birkhoff learned of von Neumann’s result. However, since von Neumann’s manuscript was
originally written in German and would be his f rst publication in English, there was a delay
while it was translated. Koopman apparently did the translation, and in checking over the
manuscript Stone suggested improvements and modif cations, which further delayed the
date of communication until 10 December 1931.
There is no corresponding account of Birkhoff’s work. If he learned of von Neumann’s
proof according to the chronology of the von Neumann letter, he had at most six weeks to
produce his own proof. In fact, Birkhoff communicated his results to the Proceedings in
two notes dated 27 November and 1 December 1931. As he had anticipated, his argument
was applied f rst to the Poincare´ recurrence theorem [Birkhoff, 1931b], and the second
note contained his ergodic theorem [Birkhoff, 1931c]. Indeed, Birkhoff’s announcement of
his result was casual and his “ergodic theorem” merely referred to various results cited in
[Birkhoff 1931b, 1931c]. His only reference to von Neumann was relative to the evaluation
of certain limits. Hence, for him the major feature of von Neumann’s analysis lay not in the
result, but rather in the fact that a subtle use of Lebesgue theory permitted him to evaluate
certain limits, which he had been unable to do in his memoir [Birkhoff 1920].
In his appreciation of vonNeumann’s work Halmos [1958] gave a simple example, which
illustrates the difference between themean ergodic theoremof vonNeumann and the ergodic
theorem of Birkhoff:
Suppose for a suitable function f of a point x , and a linear transformation T , one considers
the sequence of averages:
( f (x) + f (T x) + · · · + f (T n−1x))/n. (∗)
Then,
(1) von Neumann’s theorem says that (∗) is convergent in the mean of order 2;
(2) while Birkhoff’s theorem says that (∗) is convergent for almost every x .
An alternative version of von Neumann’s theorem may be stated as follows: for a unitary
operator U on a Hilbert space H, the sequence
( f + U f + · · · + U n−1 f )/n (∗∗)
is strongly convergent for every f in H. (For other expositions of von Neumann’s work,
see [Mackey 1990, Ornstein 1990]).
There has been some mythology about Birkhoff and the methodology he employed in
his proof of the ergodic theorem. Some of this was due to Norbert Wiener, who in the
second volume of his autobiography gave a glowing tribute to Birkhoff [Wiener 1956, 142].
This has been widely accepted since, as earlier parts of his book indicated, Wiener’s own
relationship with Birkhoff had been stormy. He described Birkhoff’s work as “a remarkable
tour de force,” which it certainly was, but added that Birkhoff had “no prior knowledge,
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or interest, in the Lebesgue integral.” This is clearly an exaggeration. Birkhoff had used
Lebesgue measure in [Birkhoff 1920], and it had been employed in his joint paper [Birkhoff
& Smith 1928]. However, it is true that his approach may be described as more making
use of the language of Lebesgue theory, rather than a deep technical application of it. As
shown in [Birkhoff & Smith 1928], Birkhoff was certainly aware of the general theory as
presented in Carathe´odory [1918], a treatise which was cited as a reference. Wiener was in
awe of Birkhoff’s use of the theory in his papers, but curiously made no comment about
von Neumann’s work which had motivated Birkhoff.
Another bit of mythology is a comment that von Neumann was tempted “to kick himself”
for not f nding Birkhoff’s result himself [Macrae 1992, 182]. This seems dubious since,
as we have already indicated, the context of their work was quite different, and it seems
unlikely that the motivations which had energized Birkhoff would have been of concern to
von Neumann. While both results were inextricably tied to measure-theoretic ideas, for von
Neumann it was measure-preserving transformations and their spectral properties; whereas
for Birkhoff, it was dynamical systems and their probabilistic interpretation. This is clear
not only from his original papers [Birkhoff 1931b, 1931c], but also from his New Orleans
address [Birkhoff 1932], as well as from the expository paper [Birkhoff 1942]. Given von
Neumann’s immersion and preoccupation with his own research interests, it does not seem
likely that Birkhoff’s approach would have occurred to him.
THE VON NEUMANN LETTER TO ROBERTSON
The reason for my paper is the following remarkable handwritten letter which I recently
found in the Robertson Collection, Supplementary Files, in the Institute Archives of the
California Institute of Technology. The material had been the donation of Professor Fay
and his wife, who was the daughter of Howard Percy Robertson. This letter sheds new light
on the discovery and publication of the ergodic theorems of von Neumann and Birkhoff
and is reproduced verbatim from the original (shown as Fig. 1), retaining von Neumann’s
abbreviations and spelling. For someone who had been in America for less than two years
it reveals a remarkable command of the English language.
Princeton, January 16, 1932
Dear Robertson:
The story of the proof of the quasi-Ergodic hypothesis, about which you were asking me, is this:
Koopman informed me of his method, which is now published (Proc. Nat. Ac., May 1931), and well
known, to you, during my f rst stay in this country, in May 1930. He expressed his hope to prove the
q.E.h by means of it, but none of us succeeded then. Andre Weil, who lives usually in Aligarh, India,
came to Berlin in Summer 1931, and visited me there. He told me about a method, he worked out, to
attack dynamical problems, and hoped to solve the q.E. problem, but he did not succeed with it till
then either. This was in July 1931 (since then Weil wrote letters to Koopman and to me, aknowledgeing
Koopman’s priority).
In August–September 1931 I took this problem up again, and solved it, in the way known to you. I did
not publish it, because I wanted to know f rst, if Koopman had not obtained the same result meantime.
I would have considered it as dishonest, if I had interfered with his investigations, using his methods,
without his authorization.
In October 1931, I met Koopman in NewYork, and he informedme, that my result was absolutely new
to him. He recommended me, to publish it in the Proc. Nat. Ac., where his method had been published,
too. I wrote my paper then, and gave it to him, as he kindly accepted to take care of its translation.
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FIG. 1. John von Neumann letter to Howard Percy Robertson (1932). Courtesy of the Institute Archives,
California Institute of Technology.
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At the New York meeting of the American Math. Soc, (October) M. Stone and E. Hopf saw my
manuscript, and we discussed it. At the inauguration of Fine Hall in Princeton (October 1931), Koopman
and Birkhoff came here, and Koopman and myself informed Birkhoff about the fact, that I had proven
the q.E.h. with Koopmans method, and told him the exact statement. He then learned, what I considered
my essential results:
1. that the limit of the “relativ sojourn” (in the time interval s < τ < t , for t − s → +∞) allways
exists, if it is understood as convergence in the mean,
2. that the q.E.h is true if and only if there are no measurable integrals.
In November 1931 Birkhoff wrote me a letter, congratulating me for this proof; informing me, that
he wanted to talk about this new situation in his general talk in New Orleans; asking me to write him
the exact statement of my result; and informing me, that he had a direct method to attack the problem,
and hoped to succeed with it.
On December 4/5, 1931 several Princeton men, between them myself went to Cambridge, to give and
heare conferences in theoretical physics. I gave there my proof, and in the discussions Birkhoff informed
us, that he had an other proof, which showed even somewhat more than mine: instead of mean-conv. he
could prove conv. everywhere excepted on a set of measure 0. (In a paper to appear in the Proc. Nat. Ac.
I show, that the physical statement of the q.E.h. requires mean-conv., and not more.) On the dinner at
the Harvard Club, which was given by Harvard and Mass. Tech. faculties to us, I asked Birkhoff, when
his paper will appeare, as mine would come out in the January issue of the Proc. Nat. Ac. He told me,
that he tried to get his into the December number. I asked him to withhold, for obvious reasons, but he
refused that, stateing moreover, that it was dubious whether it will come out already in December. As
this was not the place to argue, I did not insist, he said besides, that he will aknowledge my priority in
due form. (I did not agree to his quick-publishing, I only gave up on this subject of talk).
Some days before I went to Cambridge, E. Hopf informed me, that he had a new proof of the q.E.h.,
simpler than mine. When I met him in Cambridge, he told me, that his f rst attempt contained an error.
He had another proof-variant, but this essentially followed my line of argument, only avoiding use of
the “spectral resolution” for Koopmans operators Ut . He wanted to publish it in the Proc. Nat. Ac. too,
and had given his manuscript to Birkhoff, he naturally agreed with me that it should not come out earlier
than mine.
(My paper was delayed to some extent by the fact, that Koopman discussed it with M. Stone, who
advised some technical changes, which are very interesting, and of one of which I made use. So the
manuscript was only sent in on December 9, too late for the December number).
The December number appeared in January 1932, and Birkhoff’s article was in it. His quotation of my
result is, according to the judgement of Eisenhart, Alexander, Lefschetz, Koopman, Stone, absolutely
insuff cient. ( I mention only these 5 names, because they all spontaneously told me, how dissatisf ed
they are, without any attempt on my side, to talk about this matter.) The reasen they give is, that it
does not show to any person, uninformed about the real history of these things, who of Birkhoff and
myself got the other started; that which one of us attacked the unsolved q.E.h, and which one found an
independent proof, after he knew that it was solved, and what the necessary and suff cient conditions
for its truth are.
Excuse me, for boring you with the lengthy and teadious details of the story, but you wanted me to
inform you reliably and exactly.
With the best greetings Your
J. v. Neumann
The implications of this letter will be discussed in the following two sections.
AFTERMATH
The reason Robertson requested that von Neumann recount the events in a letter was not
indicated, and possibly vonNeumann did not knowwhat usewould bemade of it. Robertson
and von Neumann had f rst met in Go¨ttingen, and while at Princeton they and their families
became close. While Howard Percy Robertson, who was the same age as von Neumann,
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is primarily remembered today for his work in general relativity and cosmology, he had
also taught quantum theory at Princeton and had been the translator of Weyl’s book on
group theory and quantummechanics [Weyl 1928]. Indeed, Robertson wasWeyl’s assistant
when he was von Neumann’s predecessor as Jones Professor of Mathematical Physics at
Princeton. Almost certainly vonNeumann’s work on the ergodic theoremwaswell known at
Princeton, by either conversations or seminars. Clearly, Robertson was aware of the general
situation and wanted a precise statement of the facts before taking action.
Although there is only circumstantial evidence for it, we believe that upon receiving von
Neumann’s letter, Robertson showed it to Oswald Veblen. While Birkhoff could well have
ignored the opinions of his former students Koopman and Stone that he had slighted von
Neumann, he would have taken notice of a word from his friend Veblen.
The friendshipofVeblen andBirkhoffwent back to their days at theUniversity ofChicago.
Veblen was four years older than Birkhoff, but both had had E. H. Moore as their doctoral
supervisor (Veblen: Ph.D. in 1903; Birkhoff: Ph.D. in 1907) and Veblen was a teaching
associate in Chicago while Birkhoff was a student. Subsequently, both were together at
Princeton for three years (1909–1912) and had developed a close personal friendship.
Much of their correspondence was on a “George” and “Oswald” basis and together they
were devoted to the pursuit of excellence in American mathematics. Both were active in
the American Mathematical Society and had served as its president (Veblen: 17th president
1923–1924; Birkhoff: 19th president 1925–1926) and they were elected Members of the
National Academy of Sciences in successive years (Birkhoff: 1918; Veblen: 1919). They
worked well together and greatly admired each other’s abilities. In fact, in 1950 Veblen
began his Presidential Address to the International Congress of Mathematicians at Harvard
with the words: “In taking the chair today I feel that I am just acting as deputy for my friend,
George Birkhoff, whose untimely death prevented him from performing this duty.” Such
a statement not only revealed Veblen’s friendship, but was appropriate: Birkhoff had been
selected for the position, when the Congress, which had originally been scheduled to be
held in 1940, was canceled by the war.
In addition, von Neumann was Veblen’s prote´ge´ at Princeton. Veblen had picked him
for the Jones professorship and later would be responsible for von Neumann’s membership
in the Institute for Advanced Study. While von Neumann’s previous achievements were
phenomenal, the fact that he was young (only 27when he came to Princeton) and a foreigner
andhadnot yet attained aprofessorship inEuropewouldhave required an inf uential sponsor.
Veblen was the man—perhaps one of the few men—who could have arranged it. One can
well imagine that Veblen was appalled by the priority dispute and was in a diff cult position.
He would not have wanted his friend “George” to be badly thought of by his colleagues,
and at the same time he would have wanted the work of his young friend “Johnny” to be
recognized. Veblen not only was a master of gentle persuasion, he was in a unique position
to rectify the situation, and the von Neumann letter would have provided the impetus for
him to act.
Note that both Eisenhart and Veblen attended the New Orleans Meeting (December 28–
31, 1931) and probably heard Birkhoff’s address. VonNeumann’s letter indicates the former
expressing dissatisfaction at Birkhoff’s reference to von Neumann’s inf uence, but made
no mention of Veblen expressing an opinion. This supports the suspicion that Robertson
intended the letter for Veblen’s eyes. It would be very interesting to know what Birkhoff
actually said in his New Orleans lecture. The printed version appeared some six months
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after the original lecture, and under a new title. It contained praise for vonNeumann’s result,
which is not consistent with the date of the letter of von Neumann. Hence, it is likely that
the printed version was signif cantly modif ed in the meantime.
The immediate result, whether it was due to the letter and Veblen’s intervention or the
efforts of Koopman and Stone, or perhaps a combination of both, was the publication of a
joint note byBirkhoff andKoopman [1932] in theMarch issue of theProceedings. This gave
a historical survey of the recent contributions to ergodic theory and categorically settled the
priority question with a clear account of the chronology. Birkhoff’s New Orleans address
appeared in June and contained similar remarks [Birkhoff 1932]. Curiously, Birkhoff did
not publish further research on ergodic theory. He had been involved in celestial mechanics
in early 1931 [Birkhoff 1931a] and returned to dynamical systems during 1934–1936,
publishing three large memoirs on this topic [Birkhoff 1934, 1935, 1936]. Only one of
these, which was an update of lectures given at the Colle´ge de France in April 1931,
explicitly mentioned ergodic theory [Birkhoff 1934, 206]. In 1938, he gave an invited
lecture at the semicentennial celebration of the American Mathematical Society, in which
he warmly praised von Neumann’s work and cited subsequent research [Birkhoff 1938].
His f nal words about ergodic theory were contained in a report on unsolved problems in
theoretical dynamics addressed in September 1941 to the American Association for the
Advancement of Sciences [Birkhoff 1941] and in his expository paper for the American
Mathematical Monthly [Birkhoff 1942]. In the former he lamented that physicists working
in statistical mechanics had not yet taken proper notice of the importance of ergodic theory
in their work. This is the only occasion in print where he noted the application of ergodic
theory to statistical mechanics.
After publication of Birkhoff’s [1931b, 1931c] notes, von Neumann immediately pub-
lished two back-to-back notes in the March issue of the Proceedings, [Koopman & von
Neumann 1932, von Neumann 1932b]. The f rst was a continuation and elaboration of
Koopman’s [1931] original paper, while the second was on the physical applications of the
ergodic hypothesis. This was followed by three papers in the Annals of Mathematics [von
Neumann 1932c, 1932d, 1932e], in which he considered a recent result of Stone, and some
further discussion of measurable mappings and operator methods in classical mechanics.
The latter two papers were highly technical and essentiallymarked the end of his publication
in the area. His great book on quantum theory [von Neumann 1932f] apparently appeared
in the fall of 1932 (the preface bore no date). Ergodic theory was mentioned in Footnote
205, where his work and that of Birkhoff were cited with the incorrect dates of 1929 and
1930. This was corrected in the 1955 English translation, where the footnote appears on
pages 415–416, and referred to “the improved treatment of G.D. Birkhoff.”
Apart from the two papers [Birkhoff & Koopman 1932, Koopman & von Neumann
1932], Koopman published no further work directly related to ergodic theory. Most of his
subsequent research dealt with the mathematical theory of probability.
Eberhard Hopf, who had come from Germany to study with Birkhoff, published notes
in the January and February issues of the Proceedings [Hopf 1932a, 1932b, 1932c]. [Hopf
1932a] was the note he agreed to have deferred until after von Neumann’s [1932b] note,
although it appeared in the same issue of the journal. It contained a simpler and more
elementary version of the mean ergodic theorem and also suggested improvements in the
proof of Birkhoff’s ergodic theorem. It is perhaps curious that he preferred to refer to both
results as “time average” theorems rather than ergodic theorems. In the note [Hopf 1932b]
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he applied the ergodic theorems to a f uid mixing problem posed by Poincare´ [1912] and
suggested replacing the notion of metric transitivity with that of complete transitivity. The
applications of ergodic theory in statistical mechanics were further considered in [Hopf
1932c]. Hopf’s papers were unusual in that they dealt with both the results of Birkhoff
and von Neumann and offered improvements. Hopf also published a paper in German,
which extended Koopman’s Hilbert space approach to almost periodic dynamical systems
[Hopf 1932d], and later a large memoir on probability theory which featured the use of
Birkhoff’s ergodic theorem [Hopf 1934]. However, Hopf’s activity in ergodic theory began
to wane as his collaboration with Wiener produced the Wiener–Hopf method in integral
equations. Following his return to Germany he wrote the small Ergebnisse monograph
[Hopf 1937].
Andre´ Weil, whose conversations had stimulated von Neumann in the Summer of 1931,
never published anything per se dealing with ergodic theory. However, perhaps as an af-
terthought, he returned to the work of Poincare´ on systems of curves on a torus def ned
by a differential equation [Weil 1932]. In this rather elegant note, he derived an integral
formula for the average of a function of two variables along a solution of the differential
equation. He also observed that this formula was the expression of what is known as the
“quasi-ergodic hypothesis.”
Thus, in no more than f ve years, since von Neumann had popularized the axiomatic
notion of an abstract Hilbert space in his paper on quantum mechanics [von Neumann
1927a], the theory had not only arrived, but together with abstract measure theory, had
created the new mathematical discipline of ergodic theory. (For an appreciation of von
Neumann’s contributions to functional analysis, see [Dieudonne´ 1981].)
CONCLUSIONS
As we have seen in the preceding section, the priority question was amicably resolved
within a few months, and both men continued their distinguished careers without any
subsequent encounters. However, one may well ask “Why did it occur in the f rst place?”
An obvious answer is that it was due to the passions and personalities of the two men.
Both were outstanding mathematicians who were well aware of their awesome abilities
and achievements. Birkhoff, at 47, was at the peak of his powers and arguably one of
the acknowledged leaders of the American mathematical community, while von Neumann
was a European Wunderkind who, at 28, was just beginning a new career in America and
would soon become one of the original permanent members of the Institute for Advanced
Study at Princeton. One could attempt to delve into the psychological factors; however, this
would inevitably involve a considerable degree of speculation. On the other hand, without
attributing motives to either individual, the evidence suggests that the issue may really have
been merely a matter of misunderstanding in which both men were largely unaware of the
other’s previous contributions and interests.
In this regard, Birkhoff undoubtedly viewed himself as the intellectual inheritor of the
great Poincare´, and he was understandably anxious to delve into the ultimate consequences
of Poincare´’s legacy. Von Neumann’s theorem had provided him with an essential clue to
obtaining this goal which had eluded him for almost twenty years. In his ownmind, Birkhoff
may have even erroneously regarded his work as stimulating von Neumann’s investigation,
although there is no evidence that this was the case. Therefore, it is hardly surprising that
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he would have immediately wanted to f nish a line of inquiry that he may have believed was
his own.
On the other hand von Neumann never—at least in his publications—showed any interest
in celestial mechanics, andmay have been only vaguely aware of Birkhoff’s contributions in
this area. His own interests were then centered on operator theory and quantum mechanics,
which were recast in his own formulation in the book [von Neumann 1932f]. His initial
acquaintance with the ergodic hypothesis probably stemmed from his chemical engineering
studies in Zu¨rich (1921–1926), and not from celestial mechanics in the style of either
Birkhoff or Poincare´. Indeed, he published two papers [von Neumann 1927b, 1927c] on
the probabilistic/thermodynamic interpretation of quantum mechanics, and later he proved
a quantum-theoretic analogue of Boltzmann’s H-theorem as well as a quantum mechanical
Ergodensatz [von Neumann 1929a]. Moreover, as Weil’s involvement indicates, there was
considerable interest among pure mathematicians in puting the foundations of statistical
mechanics on a f rm mathematical basis. Clearly, [Koopman 1931] provided immediate
insight on how this could be done in terms of the methodology of von Neumann’s own
measure theory and operators in Hilbert space. Birkhoff never got involved in this theory
per se, although he was undoubtedly aware of it through the activities and contributions of
Koopman and Stone. His own work in quantum theory [Birkhoff 1933, 1937] was related to
differential equations and the interpretation of Schro¨dinger’s theory as a dynamical system
without any reference to either ergodic theory or Hilbert space theory.
Of course, both men recognized the importance of proving an ergodic theorem since in
effect it would be the f rst step in creating a newmathematical discipline. Birkhoff certainly
took pride in his ergodic theorem and subsequently took the unusual step—at least for him—
of contributing a brief expository note on ergodic theory to the American Mathematical
Monthly [Birkhoff 1942]. In a footnote, Birkhoff emphasized that his own theorem was
different from the mean ergodic theorem of von Neumann, although he admitted that it
stimulated his own work. He then characterized his Ergodic Theorem as “embodying a
strong, precise result which, so far as I know, had never been hoped for.”
In von Neumann’s case, his views were less public. In answer to a questionnaire from
the National Academy of Sciences for biographical information in March 1954, the date it
was received by the Academy, he said:
The part of my work I consider most essential is that on quantum mechanics, which developed in
Go¨ttingen in 1926, and subsequently in Berlin 1927–29. Also, my work on various forms of operator
theory, Berlin 1930 and Princeton 1935–1939; on the ergodic theorem, Princeton 1931–32.
It is perhaps noteworthy that this list is so short, and omits any reference to his work in
game theory done in 1928.
Certainly, in the light of the facts related in vonNeumann’s letter, it is diff cult not to regard
Birkhoff’s remarks as ambiguous and less than generous: “Very recently vonNeumann...has
obtained results” [Birkhoff 1931b, 399], and ‘The important work of von Neumann (not
yet published) shows” [Birkhoff 1931c, 404]. While this might be dismissed as slips of the
pen, the account of his refusal to delay publication and the uncertainty about when his paper
would appear, as recounted in von Neumann’s letter, tend to cast the situation in a different
light. The refusal is clear cut, and noncooperative, and the question of whether his paper
would appear in theDecember issue of theProceedings of the National Academy of Sciences
was disingenuous. The managing editor of the Proceedings was Edwin Biddell Wilson, a
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Harvard colleague of Birkhoff’s. In fact, Wilson had been the original editor of the journal
and he would ultimately hold this position for almost f fty years! As Hunsacker &MacLane
[1973] noted in his obituary notice, during that timeWilson did most of the secretarial work
himself, or with the aid of one of his daughters. He was an ardent admirer of Birkhoff (see
Wilson’s [1945] emotional and somewhat fawning obituary notice of him), and there is little
doubt that he would have willingly acceded to a request from Birkhoff that his work would
appear in the December 1931 issue of the Proceedings. It should be noted that Wilson was a
fervent supporter of the Academy, and Birkhoff was a very prominent member as well as the
newly elected Chairman of the Mathematical Section of the Academy. In fact, inspection
of the January 1932 issue reveals that it contained mathematical papers communicated in
mid-November 1931. Therefore, the decision to delay, or expedite, publication was largely
in Wilson’s hands. In contrast, von Neumann was not to become a member of the Academy
until 1937, the same year he became an American citizen, which was a requirement for
becoming an ordinary member.
There is only one additional anecdote about von Neumann’s personal reaction to the
situation, and it is reported in thebiographyof himbyMacrae [1992].Without identifying the
source—who was obviously a colleague of von Neumann—Macrae [1992, 182] quotes his
reaction as being “pleasure rather than resentment.” We would suggest the phrase “pleasure
and puzzlement,” would be more appropriate.
The term “pleasure” refers to the fact that two different ergodic theorems indicated the
richness of the new theory, and the fact that a major mathematical f gure like Birkhoff
was involved would draw the attention of other mathematicians to the new ergodic theory.
Moreover, von Neumann’s proof was, in a literal sense, a triumph of the abstract theories of
measure and Hilbert space which he had recently set forth in his memoirs [von Neumann
1929b, 1929c]. This was certainly the case as indicated by the virtual f urry of publications
during 1932, which was discussed in the previous section.
The term “puzzlement” refers to von Neumann’s failure to understand Birkhoff’s haste in
publishing and his own prior experience of how things were done in Europe. Von Neumann
clearly had a preference for more fraternal collaboration and discussion and was simply
unprepared for Birkhoff’s actions. Indeed, his own relationships with Weil, Koopman, and
Stone had been very open and agreeable. In fact, vonNeumann [1931, 1932a] acknowledged
Stone’s private communications and suggestions for simplifying a calculation.
Indeed, if there ever was a potential case for a conf ict it would have been with Stone who,
in the summer of 1928, had launched into a vigorous exploration of linear transformations
in Hilbert space (see [Stone 1929a, 1929b, 1930]). The f rst two notes were routine, while
the third, which had inf uenced Koopman, truly broke new ground and resulted in Stone’s
theorem on unitary groups [Stone 1932a]. This was one of the few early results in the theory
which von Neumann missed. Today, in reading this work and Stone’s [1932b] treatise, one
sees a great deal of overlap with the ideas of von Neumann. To the best of our knowledge,
no such conf ict occurred and in the foreword to his book, Stone cordially acknowledged his
debt to von Neumann, indicating that initially it provided the impetus for his own research.
Finally, it is ironic that Birkhoff’s son, Garrett Birkhoff (1911–1997), who was later to
achieve fame as aHarvard professor ofmathematics, became a collaborator and friend of von
Neumann. As Birkhoff [1958] related in his tribute to von Neumann, he became involved
with him in 1933/1934 and subsequently their joint paper [Birkhoff & von Neumann 1936]
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was one of his f rst major pieces of work. Obviously, the young Birkhoff was—at least
initially—more attracted to the new abstract view of mathematics, rather than the older
traditional view favored by his illustrious father.
In conclusion, both Birkhoff and vonNeumannwere justif ably proud of their results, and
each was convinced that, in different ways, they had found an important result which was
destined to create a new branch of mathematics. Subsequent developments have demon-
strated that both were correct in their assessments.
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